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Abstract

Abstract

As one of the fundamental technologies of fifth-generation (5G) mobile communication,
multiple-input multiple-output (MIMO) technology boasts several advantages, including high
channel capacity, fast transmission rate, low latency, high reliability, and high spectral efficiency.
In massive MIMO, signal detection quality is a crucial performance metric for communication
systems. While the conventional minimum mean square error (MMSE) method is a widely
adopted means of measuring signal detection quality with low bit error rate (BER), the
computational complexity of matrix inversion increases significantly as the number of antennas
grows. This thesis focus on reducing the computational complexity of massive MIMO signal
detection through the use of iteration-based Richardson and Barzilai-Borwein algorithms.
Specifically, this thesis aims to enhance signal detection quality in massive MIMO systems
while mitigating the complexity challenges posed by increasing antenna numbers. The main
contributions of this work are as follows.

(1) To address the challenge of high matrix inversion complexity in the MMSE detection
algorithm, this thesis propose an improved Richardson iterative detection algorithm. Our
approach incorporates the steepest descent method to preprocess the Richardson iterative
algorithm, providing an effective search path, and leverages the whole-correction method to
assign weights to different approximate solutions, resulting in superior solutions and faster
convergence. Simulations show that our algorithm outperforms the traditional Richardson
algorithm in terms of convergence rate, while maintaining its advantages across varying
numbers of users and modulation methods. Furthermore, our algorithm achieves the same BER
performance as the MMSE algorithm with fewer iterations.

(2) To address the high single complexity of the Barzilai-Borwein (BB) iterative algorithm
and the insignificant improvement of the BER with the number of iterations, a variable-step
cauchy Barzilai-Borwein (CBB) massive MIMO signal detection algorithm is proposed. The
CBB algorithm, which combines the BB iterative algorithm and the steepest descent method,
is introduced to speed up the convergence speed of the massive MIMO signal detection, and
the initial value and the single iteration step are selected reasonably to further improve the
convergence of the CBB algorithm. Simulations show that the variable-step CBB algorithm
adapts to different number of user scenarios, and the algorithm is significantly better than the
BB and CBB algorithms, while the BER performance can be close to that of the MMSE
algorithm, solving the problem of high computational complexity of MMSE and achieving a
balance between the BER and computational complexity of signal detection.

(3) To address the problem of slow convergence of CBB iterative algorithm, this thesis
proposes a signal detection method using CBB-delayed iterative over-relaxation. By adopting
the principle of delayed iterative over-relaxation, a relaxation factor is introduced to the CBB
iterative algorithm, which is used to optimize the solution of the #-th iteration and the (#-2)-th
iteration of the CBB algorithm, and the relaxation factor and initial value with better BER
performance are selected to accelerate the convergence of the algorithm. Simulation shows that
the proposed algorithm can effectively improve the system performance by increasing the
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complexity and still maintain the advantage at different number of users. At the same time, the
complexity is lower compared with the traditional MMSE algorithm, and the approximate

optimal performance can be achieved with a small number of iterations.

Key words: Signal Detection; Massive Multi-input Multi-output; Richardson Iteration;

Barzilai-Borwein Iteration
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FIANFLEAE . FEEAREBT G TR, ol TRREVEREAR 2, T8I 8RR IRk —
WRFFIEWSCEEE, FIAA R IERE, SARPERMTHEEAT I, S8R
FUREZa VR . I 0 S AR BE AN LA SR B 40 M vT 45 SRR B % FEAHXT Richardson $27F
AL, HEANFRDIEERXEEZIE T MMSE (MRS, BEOREE T EyRIR LR R
fit, [ AEA9 52 24 tH MMSE RS20 O( K ) #1621 O( K2

(2) KA KAZ IE Barzilai-Borwein 5325 8 G R SR 1% [ 8. 7y 1 32 i Barzilai-
Borwein 5yERIMERE, #4 Barzilai-Borwein 155 il T L4564 2 1EIE Barzilai-
Borwein (CBB) EAKHATE S FK/E CBB 5B EF G NS K SHXTIEAD
KT, EBGR R R Re P K24, i — 2 m CBB &I S B,
[F ) SR USSR R R AR - X B BRI A R e i vl 45 Bk D88
AREERAAAM, KRG TR R YRR RIS T, RINHZEE B R EEAEXT MMSE 55
For il v e 0(K3) g O(Kz) , AR RE A ST AR % BE DT TRIAS B4 4

(3) K H CBB-ZERH A B AR L ARACE R R s 5 . P 1R 1 AR A 5t )5
H, @A IRA SR 6t CBB SRR A RIEAL R AT, R LR 3 1 R
B AF RN R AIIE $E S CBB SykU s, @it x &2 ARG B A BRI n 13 : 1%
WL FEAXT CBB 2R, (A FE ST, R LR SRR S 4, 1 HAR
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it AR IEABUR AT LAFEIE MMSE SRR R ek e, IR Io AR EEREAR T — A

1.4 WAL S

B 0. BRI MIMO J7 52 5 DUACKEIE MIMO H& 5 R il it 5t
Y s BEJE N MIMO AR5 5 A il i ] A SR s SR X A S I 2 240
BRI O TAEAT B4, REmARS SO FEEA L.

T KR MIMO RGN MAE AT I EE . B Ja KU MIMO R4t
AN LK AR S I MR BEAT F 38 HRA = A48 MLD. MF. ZF fl MMSE JUffi2e
SLRE AT E s 35 08 AR SO TS 5 Aan M B A A7 B4R %

BB =% FET U Richardson KR MIMO 15 S48 5535 . 19 56 /48 T Richardson
IEAREE . Bl T BV DL SRR IRV . B 1 Richardson iEACEIEAM LT MMSE
%, B R AR, (2SO FE 8 - HoUkdR tH— M T2 Richardson R HIE. MIMO

BRI S, R AR RS IE VA AN el B BV SR X Richardson iEAQSVA TR AL, RIS
T I G A e W SICE PR EWIMEL, SR JE 0T dE HE RS Richardson il 325 I S
AT M. BEE X PR EIE I B IR E /i, FF5 MMSE M Richardson £ il Bi% 147 EE
o e fa, B AT SR RIE T 5, DAV 0 Richardson FATE R ELRF 8P BRI R IA

FIE T AP KAZIE Barzilai-Borwein USSR FE . BT MMSE Al &
VAAESRIIIN FF SR PR SR I, AR R AR S, ARIEEI IR, AR TR T AR
K CBB iAAUE SRSk, FFRATVRARIE A G5t CBB s Kk AT ik, Xt
AP K CBB ST 4450 #, 5 BB AL VEAT MMSE Kl Sy 347 beas
R ATEREES BB HiL, CBB HiLLL & MMSE BT 5 A, Bk %
EURE SR MERE

BT BT CBB-SEIR A SHIE S SALI % . B 58/ 4l T 12 1E Barzilai-Borwein
EAUE SRS, HREES A 7 IERE G it B, SR 55 AR 1A AR A it J5 21
AT CBB &R, @i i nfs st K% CBB iEEEFIA RIS L Rt ATtk
IR HPERER IR AR AR s Rl AT 2 SR T E . 8255, X CBB-ZEIRHFA ik S
SR EE AT RN 0T, [FIERK S CBB 57581 MMSE Al Bk v 5 2 44 B
HATX . B eI X% LS CBB ByAMEA FER XS 5 MMSE 5L T |
XFEE, BRI SE R R R R R RE

FAE FESARSREE NS RN ST B4, IR AT R A R 24k,
P& H AR XHE S A B 98 77 7] R B



B K MIMO R G BRI 28 S5 5 Rl Bk

EE KHEMIMO ARG IREMZ #BESHENEE

2.1 513

KIBE MIMO RS2 K EHUCR RN IE R LRI R IR, BAT BE A& Hnis
Eim FEAERERELS, ey XMESEMIEHE, RedERE, SARKkRIELE
{5 AR A 5 RSB T R0 s P A5 5 A DU BE X AN IE S R AR BB O EIE .

AR EFF L AR MIMO R, E RS MIMO 15 5 kil 5535 1) Sl i
e, ZJaXT& S SRR MLD #i%k. MF. ZF Ll MMSE {5 S8l i 5 34T T
HEF], XS FEME R AE I EE, RN 2 e H AT MMSE A AR B B sk 1
RS SRR R ST R AR . B S E A SCHEAT S SR I RE VTN 4845 o
2.2 KHEE MIMO RGHE

TEAAT AR S ThR— ST, 5/£4% MIMO R4iHHLL, K MIMO R40K
F 7 75 (B 52 R RN 73 B 38 2 6 004 A Aok 28 DL RN IS RGN Re A TR R T, 7ER
HFE MIMO RGH EATEER T, BTSSR RS E AN, T Rikmp R EEE
HNK, MR MIMO R UK 2-1 Fis.

o D
— F P = Y : #
i St T gl
i Lac [T
Ly M
—> K o .
L %éij Y

B 2-1 KHUEE MIMO F G5

— R, ERMAEL MIMO R4, Huhilf R&siEm R Emm TH I 8E, |
N> K, fFEARH, RSP RN RE. x. =[x,x,, -, x] e CAEPTHAH
PRI BIER K x L5 yo =1y, ¥a0 Yy ] RANKREALNC N x 1 HE R 5L 7 %R
WENE|x, [=1Lx,eQ, HPh QRFZRFHFT5E. MIAREN L T eBIEER
A15 & (Channel State Information, CSD), & 5& AR (E1E, (58N mAMH
(2.1) R, b RSB i N RICRES S j M REREZAINEERE R, R A,

AL LR AT R e A, &> B 2 BN 0, TTEAN 1, Bl ecN(0,1) .

hl,l h1,2 o hl,K

h?1 hz.’2 hz',K . .0

C

hN,l hN,Z ’ hN,K

7
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FEFRWCm T N x 1 4B A5 5y . FTRARIR
ye=H.x.+n., (2.2)
KA, ng=[n,n,,,n,]eC™ £ Nx1 4EfPE = T M7 (Additive White
Gaussian Noise, AWGN), n, i34 0, J7 24 o (E B i3, Bin, € CN(0,07)
M P RIEFF SR ENE, =1, Wo®=K-E /SNR, SNR 2R MERRZ
[°F-35{5 bt (Signal to Noise Ratio, SNR), & X N:
g = B I Hexe [2) o
B, [imne ]
N TAETHAE AL E, W] DOR S BB AR L B Ay SIS R Y, IR s
85 X, WIWAE Ty CARMEFS 0 HEAT B SEHC AR, SRR T A4S 2 BN FeAb )5 A Y .

(R(Hc) _I(Hc)j e R2V2K (2.4)
I(H.) R(H)

y=[R)" T ] eR™, (2.5)
x=[R(x.)" Z(x.)']" eR*™, (2.6)
n=[R(m.)" ZI(n.)' ] eR*, 2.7)

HpR(C) FnE S8 RS, () R & n) &l H R i 5
2R G BIE IE S AT LS A
y=Hx+n. (2.8)
2.3 KIBL MIMO £ 845 S ) 53
AR (2.8) KIAE MIMO R4t FATHEER P #UE 5 Rk, WK 2-2 s, K
HifE MIMO {5 S fE st 28 S IEMREM H 58 0UE Sy REF—NREMES X1
HiHES %,

'y

K 2-2 KEEL MIMO 13 Sk A 4

EEERSE R SRS IR o’ sEATHIEBILT, 82K MIMO R4t (14

1 1 2
p(y H,x):(ﬂa—z)Nexp(?”y—HX”z) (2.9)



B K MIMO R G BRI 28 S5 5 Rl Bk

FERFEE MIMO R4¢, # I BUE SRl 5% — o AR AR I SR AN 2 VA
MR o Herh AR AR I A AR B 47, H 2 DR s B 2R AR i, 2R AR Y
A AR R R B P i RS BAE N E B R, R AR P ROs 5 S B/ E T
B, BN e T T IME S R R, e SR B AR IR
RIS e, DR AE CRURE MIMO $AR B 525GV

ARG ) B A R ARG I B0 R DL AR A I S50, iy DL s Al 9%, 38
£ SR RE b 5 ZN IR PSRN - R il Pt oy i ol K A7
2.3.1 BRRUURKNEIE

B R ABA SRS VI S At I T R L, FRBIME R B R B e i, TR DA AR A
s 5 BT . AT ZAERESRIE AR, P DUZSEEA I REAN 25 32 B 75 (52
Wiy, AL AE PRI b s R ARG I SRV R P Re S A 1) WSS 5 IR B AT 2R

p(yix) o= exp(~[ly - Hx]f} ). (2.10)
B RABMRASIN H A 2 A AU 5 AR s B i K, IRANRIE 5 5 B AR 5
Xof I FR) A M e R WA - DR DR B 0 B R — B o e RALA SR I B39 P] AR R Ay
Xc_yy =arg maXp(y | X)
xceQK
= argmax exp(—”y—Hx”j), (2.11)

= arg min ||y — Hx”j

xceQf
S |y — Hx|) 2Rk RS AOF 7, E T 060 3 A RS £ 5 AL e 2 ), i
(2.11) 7] LLR IR SHE 5 A R M =S RSO o » Hbh K R P2, QFRRM
FIFF 54 (1 4QAM N Q=4), BEAMZFE T USRI itERe, (HaaH R 8 E H
PR, SRE0EK, JFHE RS, SR B e
MIMO #GtH i T HE R K E, A& T SEhRR .
2.3.2 DLECYE AW %

/G e 18 98 o ) A v BB — P 17 B 45 S A B, 2 RVEAS 7R B A T R A e
FESRWE 5, LR AT BRI, X ERA SR RGP N2,
AR BAR S RIENE S BEASUS B, B P RE S B AR kA,
M= (2.8) M5 HM:

y=Hx+n

K
=Zm%+n : (2.12)
e

K
=hx, + Z hx;+n

j=1,j#k
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Hrbk Lo B, 20 (212) KIS —IRRE k DMHSARGEES, ENERO0, J&5
PRI e P 4RI, 1253008 BB By »

W, —H", 2.13)
AT e DE B I SRR AR B RS S AT HE N
X, =W,y=H"y=H"Hx+H"n. (2.14)

WL (2.14) ATRARIL, SENEES e E Hy, BEEHARFEIATE B w1
TR 09, DRI SE SR R A, T8I (2.14) WnT LR BILBEAE FH 7 4001
P, BRI 2RO, R BRI PR R 2 B
233 EERWEIE

18 F ) Ry POV Ji B JE e W T — N BRIk i B (Finite Impulse Response, FIR)
JEW AT, FIFEIEE R A SO SRS - BT AME SR 1, RIS 5 AR
RNZE, CLHCRIEBRE S RTH, 18 R ] %R

W, =(H"H) H". (2.15)
HF W, H =1, BRI SH Y T8RRI A8, B DOl AR 5952 n]
DAVH BRI Al A R T30, AR5 5 &, AT RN A
X =W,y
=(H"H) H"(Hx+n). (2.16)
=x+(H"H) H"n

R (2.16) ATLLEH, EEREIRERR T 2 RERIMTH, RO T g
PSSR . (RS B A0 FE HW 2 Z3 Rk, X Hodt 47 & {8 3 f#  (Singular Value
Decomposition, SVD), B DjZA[ KRN :

[ ) B = |(vERV') VEU )]
=[ve2viveutal 2.17)
=[ve utal,

B v B AERE, 2 Vx| = X"V Va=x"x = x|, 7 T i B A T AR A

E {HVE"UHnHz} =E{Tr(Z'U"mn"UL"))
=Tr(X'U"E(mn")UL™")
=c’Tr(Z7?)

K O_Z
2o
Wi (2.18), AIE BB R ZE FERELTEEFEINE, J58NH P H/N
ZFRE/AINT 1, B2 R HOR,

(2.18)

10
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2.3.4 BN IRERMEE

/M5 R 2 BRI SOR AR I8 T RVEIERE bk — B ik, vt iR
WAL THE 5 T RAHE 5 2 B RRZE, R ME Z RIS R ZE RN, ESallidEs
X=Wy, Hiw NESHENER, W, RN ITRZERNER:, AT RR

Wse = argr‘rvlinE[”x—Wy”ﬂ : (2.19)
B (2.19) R W, 500 ATEN:
W, =argmin & [”x - Wy||ﬂ
W
=arg minE{[Tr[(x—Wy)(x—Wy)H]}} . (2.20)
w
= argminE{Tr[xxH —~Wyx" —xy"W" + WyyHWH]]}
w

FIHFA (2200 xFw ks, FHFEAHZF, [20:
8Tr[xxH —~Wyx" —xy"W" + WYYHWH]]

W =0, (2.21)
A LLSRAS
W, = (H'H+0"L, )" H". (2.22)
Ul MMSE 6 U 53245 25 1145 5 7] LR IR -
t=(H"H+o'L,) H"y. (2.23)

W (2.23) ATRUE W, ZERLE A8 TR RS VTR EE I, TE(E
e LA i i, M YA BE A S UCHC P8 I BT, M M LUK, O e R Ty 22
TIF KA, H'H+ 0’1, FFERR AT IR SRR, SRl g 2 B 5 beae 22 540
S, PRI XS 5 PR AR R A I 025, 2 REAE SE PR AR B T2 N« AN L
R CAMEE RS ) 2 o0, B R (2.23) WATH LR L RGER R, R
RS E R, JUHREH P BER KGN, KM E A RS SR 2 8
ok AR R A SR SR AR PR AR B /N 1) T TR ZE TR I T AR
X (2.23) ATLUEE A A=H"H+0’L,,, b=H"y, BHK5H:
X=A"Db. (2.24)
Ko (H'H)Y = H"H , ZF R Y Je R R, KR MIMO 5 &t 5 /% H 21 (7]
BT, RN & MEILMER, SFAEERRr 44
(Hr)" Hr =r"H"Hr >0, (2.25)

HA HH MR @R, 3 HBT oL, NIRRT AR, Bk A )5 N e KRR IE e

SELC
F I E SR EENIEIEIE, RERR DL B R RIRTEE, W3R 2-1 s

11
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*® 2-1 FEMERAIR T

Hik A % EE R M RS =F 9} 3

ML AE A AR TR
MMSE L AR g
ZF R X+ MMSE B
MF AWGN KT ZF =&[38

R MIMO H, BT HRERE . RS, % KA MMSE fa il 5
%, ARZEE TR B S EAE PRI B R R AR e O T BRI e 4EFE P SR 10 P 75 I R
— A PAALE T — RFHEF 295 (Neumann) SRR FERIE, &) S &
T I — A IR P [ B SR AR RAE I R B (1), SR B2 2 B B PRI TR AN B2, bR FH A 1Y
wahn, MERERAE N —RWAX=AAD=b AR, BRHEFER IS ) EUE 1 L5 FE 4
A, I IEACKRIAT KM, 2P AT BRI R R RIS, REFEERIVERE, 7ENH]
RS2 R

2.4 FERMNFEEER

5EMITLEERG R, KB MIMO (5 5K R4 (1 54845 7] Loy N n] 5
PERIA R P o SFofs KA MIMO 15 548 U 5L LUA R — AN S AL, AR AAT 2 e
FEETEAEALA RO M, A7 S S SR R, B BT SR BRI S, EATRIAT
Frege @Ry, bt an e ARSI S0 rT SEVE 2 e I 1), (EURE NE At O 28 th a2
[, ez th—Ft. ERX T AR L, MATAVSRRTHERCR,
BB AT, (R EETERIFEIR, XA R R AT REfuAL .

2.4.1 AJEMELERR

Al S — RO TR (S SRS B R FRRE R, 7R45 SR b m] DLUER AR G I 3 R a2
B KR ATERE, — M n] DUR A RIS R W HRIR 75 % (Symbol Error Rate, SER) B # /&
R HURR R FRR S ok m a0, IR RIB U RN M a fd oo, KD B A 1R 1
T CH s AL e T B, TR PE R R AR (1 R AR B B S LR B, R 3B R 1 B
R SRR B BB o AR SR FH R EU R 2R AR ARG I v mT S R 4R A

- L. BRI R UL
A = e,

(2.26)

2.4.2 HREFERR

A R AEAR 5 R I AT BARR IS D 58 BRAR 5 AU i 75 14 P A B U AT i 7 A 9% 1 A (]
GRUR, W] AR D I I I () 52 2% PR 22 ) 52 2% R R PP Sk A bk, A S R T 5
VI 18] 52208 RERA B VR A Rk, AR O T RIALERIR, AN IO DL, R0
PTRIRRON “ BARPE " R — DN HIL IS AT I s B2 I (8] AU T SE AT 1 1E A,
G PITZFIER T ENLEREA R, B8 T A LA B A IR I B 20, AR
R RIESFVEA G 1G], B PSR SATIN P 7 A Se R, RET RSN E

12
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B, i e SR 02 A Ab B AR X iR i B AN T DL, PRI A S 3
ANF G2 T B IR IR BRI e B AR, £ R MIMO R Gp AR — i 2 R4
(1, AT RORE B s IR B Oy St HoRIE R, Rl — AN RACRIEIZH T LA N 4 TGk
ZB5.

2.5 RE/NG

AT E SR KA MIMO 315 RGEEAT 1254, LI 7R MIMO %
2 RN E ERER wlll o P2 S P e I e S ERe g ol K DO AR L% vl RPN SR i - SN VRS i
ML DLECUEBATI L TR EIEN /N TR FER IS, FF0 & FIEEAT
TEWRYT, NZJEFEHIEET MMSE iR AR B SR 3 A S92 e 37 BB Al
AN IEAE R AR, [FIEIAEE, R ECRR R IT IS L T DUR SRS e T AR SCN TS5
Rl SRR RE R fa b, T2 LR FURp AR SR BEAT 1 S 808 SR BOR 7 W S i 1

2
H

[aYay

o
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=% FT 5t Richardson F KRR MIMO 15 56 5%

F=F HET%i# Richardson BIAHIE MIMO ES#ME X

31 5|

TERHEE MIMO R4 EATHEEREH, F P REEEmazm /N1 I Bl RZGH &=/, IR
FE T S AR M 7S (SR AR /N, N A TE 2 (Al T IEAT DR AR e i e At A
0] LLAS B ek e AR A I 14 B . MMISE Al 503240 V2 R T E 4, BROREHRE T
Nk P B, AT SR A B8 AR A ke, (B2 BEAE KA MIMO R 48 Hh R A AR KR 38
MMSE # I B SRl 2 S BUBA RS0 B A R N . 2R S Dh 22 BRIS, 455
R S FTURS B DA A2, DRI R MIMO AT B 6 vP 75 51 N DR B 1445 5 A6 0 4
RULR S RGIERE . A FERTT 7 R e A5 30 2 A B L S A AR, POAZEURTT )
52 R BB T A F s AR T =X, i ELATARE 75 R B I 0 A AT DL B RS JE
T A4 6 e SR T i) e i Dy 2V R ZE SR e I L, M R ARGRR AT SR, T LUK SRR )
S H O(K ) 5| 0(K°) .

AR IEARE I SRE L R 2R B KIR RIS, (HR R SR 1k R EA SRS, FF 22K
HIEAA T LUIAE] MMSE SRR IITERE . @5 Kid, 7] DL B R e hn thik
REVERIS, — A FE RV IR E, S FEAH RS OL R, WIERAE e BURIAS
TFARBR R AT,  BHEIN SRV A BN SA T 75 ZE A A IRE R /D s A SCE R0 B A [RIAE FR i
SR, EHL T — AN EEERYME: 51— A E RN FERIEA A H# AT I04L, Richardson
ERTTEBEAIEE AL, Al R RS A AR A vk B 60 kS L2,
A B SR A ol T IR AR IRV SR IN# Richardson BEEAHIS S, Horh ok
P& 9 Richardson &t — AR R T7 A, IS UL ARG RS IR, ot R %
EHAFRIRACA A R IT R, SRR A BRI E R R AT A SO R ok m s, ¥
FIri i T 2o Richardson {55 R0l Hi%E 54448 Richardson &KL M IHE AR
JEE R UARE 22007 70 B A4S A P AT B AR

3.2 FHSR B IE B
3.2.1 Richardson il &%

Richardson IEfUR& — MRk & T FRA KL, HT MMSE &% Richardson %
RITRER RN A
X0 = x4 (b — AX)  f=1,2,--,T, 3.1)
JeFFs0 (3.1), AJLAF3 3] Richardson 14814 &4

() _ (=D (-1 (t-1) (t-1)
X, =x, ' +ob —-o(a,Xx;" +a,X; " +-ta,;X; )

(1) _ =D (t-1) (t-1) (t-1)
X, =X,  +ob,—w(a, X" +a,X, " +-+a,X;

X =x{" +ob, —o(a, X' +a, x4 v a xUTY) (3.2)

(1) _ (=1 (-1 (t-1) (t-1)
X, =X; +ob,—o(a, X, +a,X, ++aX;

15
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Hip o KBS H, ¢+ REERUE, MBS EIEHE R 0< o< 12

max

o Hi AL R

MMSE #or I R A B RARFAEAE, A4 7] MRER (3.1) Hiesh.
PSS o I B TSR IS LU SO SIoE FE R B S 5 F Y, AR st 2
GG, FEME R BRI, 481 Richardson AR T-H4 5th 240 1) 108 B R =2 1

2 ..

SEAE O <o <——JulH, I E FIEUE, PRI mI M) A 5 0 e ) e /NP ALE AR A B K

max

TEE SR AR AR AL S35, A st S H A KON
2

a)Opt - 2’min + ﬂ'max ’
Hrp A, A o AR IR FE R A B e INRFAEAE A B RRFAEARL, AN B BRI AE LA
B, —HCRFIE R . £ MB MIMO 15 S/ RS, — 3Ll KRB N A
P REGH KARK, RABEEALRE RIS, RN K2IJE55 K, MMSE R RFEE
VR E TR E, JF B Uy:

Ao = N(1=VK/N)?

(3.3)

) 3.4)
A —>N1+VJK/N)
i (3.3) fizt (3.4), A LIEH:
1
=2/(A. +A4 =— 3.5
a)apt ( ( min + max)) N+K ( )
22Ul E45 3R, Richardson iR FERATE N
_ (z-1)
X(’):X(H)_Fw t=12,---,T. (3.6)
N+K

3.2.2 FOE FREEIL
B R R R TR AR, EEBERERIGER T, IR S HIRLE T
X E AR R EGHAT %, FFRAR DK p BT .
XTTRABENE TR Ax=b , A DU R ARG TC LR 0 kA )@, 3%
BTN
mﬂgg f(x) =%§(TAf(—bT§(, (3.7)

Hpx RRER (3.7 B s/ MEE, [F]I 2 22 1 7 FR 40 B () ME— AR, PRt n]

B f(x) ME— AR/ SR, AT AMMER — A X R, B —fe e, R0y
PRI N:

KD = RO 4 4O, (3.8)

AR 2 OB oy (R SR B, 768X AL, GUBREE T I £ (x) TEIZ ST B ER % 5 i,
CIEZVF

16
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—Vf(X) ‘ i b-Ax" =r" .
st (3.9) REHE K 40, RRN:
(D(IUO)) :f(fi(t) +lu(t)r(t))
()2
= FED)= 1O O) +(ﬂ ) ( Ar“’)Tr“)’
2
o' (1) =0, TTLUEFIEK 40 Tk RN
(rm)T O
(rm)T Ar® ’
ZELRTIR, B VR RD IR AT DA
B WEVIRS, FNAERTFREZE:e>0, =3+ 4"r";

o _

Btb VS0 IRV (o] < 2 WERIERDIEAL, ik X0

b A =Vi(x)|_,=b-AK":

FVUD . B AR R BRI E DK 4

B XATIE, BN =+1, RERE .
IR @' (1) =0, WATELRI:

: d .
o'(u") = Wf(x(’) +ur")

— Vf(f((l) +ﬂ(t)l'(t))Tl'(t) .

= Vf GV RY)
=0

(3.9)
(3.10)
(3.11)

75 W 34T 26
(3.12)

B (3.12) ATBURBLIEAR S 1 2 KO0 Bl B I 5 AR AT A 0 X B S IEAE 1Y,
AT DL BAAAC S I AL R R AR A T, AETFAR RIS AT, H AR BT B EEAR R, (2

G RATMERS, SRR AR . W] 3-1 NEGE T AR

K 3-1 ik T RA R
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3.2.3 BAABIEYE:

A I A AR e 2 M R AL A, ISR BT P A 28 5 7 32
B BSRZSTA ARIREL, EA RIS BT ARSI 4
EH NG, Rt IR, R b TR T (T R B B VRS LE S O
BBk T R4 Ax = b 13 B LS MAN X, X, X, (m > 1), [ A 4
B X, (1 =1,2,,m) HAEA5 Ax, # b . IR TS x, (015 Bk R E AR X
4B b x, VR LR AR, LB 1D - AX [ <min||b— Ax, |, , Hefdks RO

&

X =ax, +a,x,++a,x,, (3.13)
a+ta,+--+a, =1, (3.14)
Jrh o, FOR T M x WL IEMR X (TR G L, AR RORSE i, € (1,2, m), 4§ (3.14)
RN (3.13), ATLATR3):

X =X, +Y a(x-X,), (3.15)
Hoep S i) AN AT I R BR 22 1) B o] AR R r, =b— Ax, » MR IEMR AR 2 1 & R LA
A
r(x)=b—Ax"=(b—Ax, )+ Y a(Ax,—Ax,)=r, + Y a(r,-r ), (3.16)
5#tic 5
L (e A T R A Y
(3.17)
Y = (a0 Gy 5 Gy a,,)
Btk r() =r, +Q,y, » W2, +Q,y, lh<minllb-Ax, |, H/NEHHEAES)y:
y,=—(Q)'r, (3.18)

Horp () RaRHFER) ¥,
3.3 3t Richardson F & 5

ATt — 2T B0 Richardson ARG SR L . BOHZEVEIH RN T
Itk Richardson 3EACAT I LW SIOR FE, BRASTH R Z AR RS, 0k B & T Bk
Richardson iE AR I VLS A 50 R R T7 1) o (HR AR S i PRk IE AL AL A b R
BHERT, ZITE A RER A XA R IT M, Nt — PR e EIR NSO, R AR I
ST REEA S S, WIRRBEIE A B Richardson A X

HAASKUL, oo Richardson 5L N NHM B ESE—BMEL, Rl T BiAR
A Richardson S FEJGER B FE S, I EVRISIOERE; 7R —Fr B, R B R IRV
b5 e 7 =1 = MG € S
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B4, AT AE Richardson ARG THEPIR TSR, R ol T FREROy AR A
R R AT, FAREAA] 70 NP AR I A2
(1) FEFVESS ¢ DOEARIAT B, R BOE T kA4 R T Rox .
x 2 =x"4 4", (3.19)
Hrpr® =p-AxV R ZENE, OREIAELK, EgX 31D 5315,
(2) 1R3¢ WEARKI 5B, 31T Richardson 1E4X, HiEMR LRI E N

(t+2) (14
x"V=x 2 +@w|b-Ax 2

(3.20)
1
—(I-wA)x 2 +aob
KL (3.19) AR (3.20) J5, AILAEF).
X(Hl) — X(t) +lu(t)r(1) +C()(b—AX(t) _/U(t)p(t)) (321)

(1) _lu(t)p(l))
H 32D [p® = Ar, (ERUGER T E FIEHRE T Richardson ZEfRIISL
.t 32 AR T MR AT A HORHE, SR AR R,
FEAR LW SRR, B T MO T 1, SBURSOE 1S
TR SR, SRR R IR Ak S B S AR e e

AR I 35 T DA e 7 RR AL O SRR B M7 . T ARG AR,
A AL ARG, AR (L LR AL A, 5 B TE VN T I S B T

P XX, (m > 1) RS X BRI SR, R 3 il A LA
HE R, LA x, =x0m x, = x0m x =x® , Fob B, m

= x4 4 Or 1 o(r

BRI EL R AR, ST A B

X =aX, +a,X,+---+a,X, (3.22)
a+a,+-+a, =1

HAPRIER S a,( € (1,2, ,m}) NAE H A TA2 Eff DTk 2 o
B IE BB I B RS X = (X, X, X} POV e X, B
J5i B 3 A2 2% A IIb—AX |p<min|[b-Ax |, . K TE R $ ) d 4Rtk AT BL# O
min [|b—AX |, DMEE L € {1,2,--,m} B, THEXNALIE R B 0, HIIERE, K3 (3.22)
W5 N:
X =X, +Zai(xi -X, ), (3.23)

Hrha, XM ZR RNy, =b-Ax, , RHER (3.9), X [f5% Z 1 EA] LUE K
r(x*)zb—Ax*:(b—Axi0)+Zai(Axi—Axi0):riO+Zai(1'l.—1‘io). (3.24)

R, SKAg s R 8 a LIRS
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minllb—Ax* ||2= min l'io +Zai(l'i —l'l.o) :minHrio +Qi0yi0 > (3.25)
Horp
Qio :(rl_rioa""rifl_rio’riﬂ_rioa"'rm_rio)

(3.26)

yi0 :(al’.“’ai—l’ai+1’”.9am)T

X (3.26) [E/NEEAREN:

yio =_(Qi0 )+l‘i0

a,=1-a, ° (3.27)

*

HA Q) RnsFEQ, M) e HitH o BMH, Wir] LIS R IEMX .
& 3-2 NG Richardson 124502 B A6 A AL A

LD
K, NH,T
%)EH [ v’ VA
Richardson#J{H g Plhate

I

B RME | Richardsoni%ft |€&—— HEAKS IEVE

!

By x™

K 3-2 gt Richardson &R F VL AE
Zi b FriA gt Richardson &AM AN HVE 3-1 Fow, W HoB R T T IRIER G
1Ee BRILZAb, R BUE R E m Rz A — A O M i, S EERRBEE AR
FRPERMCSIGHR S o 1 TR AE I AN A BE A3 BT AN 18 m R E L
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Bk 3-1: g4k Richardson iEARAE S A 7%
WA [EEEMFH
A Z 5 @
BElE T Ey
{5k LEYE H —2:18dB
EARKE T
BB 1 HERSES X BRIERE, Ex©;
B 2 Yms>2, WEEA (3.23) HHEHEm -2 MNERHES X E
R, SHx0,x@, . x",

m=2

For t=1:m-2
@igR (321 it x”
End for
IR 3. 8 B IE R R IE A T
For t=m-1:T

WL (3.2 XY,
I X XD x O R IE R RS AR X

m

End for
#rH . 2t Richardson &k ke {2 x\P

3.3.1 m BUESHT
CVA HIET MMSE Rl s AL R Y, ik 25 Ih A, Pl s EcH
M. ST, MOERHAERIFIEEER S E RN .. AR m ERELT, B XN
RIERBTHEEIRE, NETONE, Bk =1, WKIEREA S N:
{[a27.”7am] =—{(r, _rl):"'a(rm _rl)Trl ' (3.28)

a=1-a,——a

fEm>2 B, TEUH SGY RS BIRIE RE P E 0 SEERik xSy O(mK?)
fEm =20, RIEZRE a M a, THEAN
a,=—(r,-r, )+ == L _;l)Hrl
(h-r) (r-r). (3.29)

a,=1-a,
fEm =2 B, TERIEREE Pris Wk i sk, ERENOK), Em>20), iF
SRIE R HU T 5 B RN O(mK?) o I R FETHE R UKL, fEm>2 N5
AT ZEE 2 )T SORAC B AN AOUE,  HURAESE PR A s i S mT DA FH B8 /> (0 Bt
ARAHIR ARG EZR M AR, DRk D O m OB, ERR T T m =2

HAMS o TR, BT m =2 WA EIRR R R IERERI R . SHORE N ) RE
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32, HEERLHON 128, WHITT 32QAM, 45 Hik Wi L = 20000 ; EH:ELTE
[l B AE-2:18dB;s A5 IR K H e BB AL A B

It B 3-3 i LURICE m=1, BRI BRI IEER, BEEIERESE N, BEm
PEREIR MR 2, (AFEIEAR 3 ki, BiEMERE 5 EAE(E MMSE AH GG A — 8 H 28R
T R FH AR AR 2925 1] DATEAR /D A AR IRE N IA B 423 MMSE Rl 5y . 2RI AR P kit
B IEEMER S E L m=1 FEER =R, EERRECH =R R &S
MMSE Sk AR 0 o G SR 4k S i AU g 1 3, 8l BRI EE B R T
AR IE 5070 (P R 44 BENS RS 3G I SR TE WS BT, i Em =2 B YERE S
MMSE 53244 G O AH Z2 1R 2D, 4R 8238 N m (B0 R PUARR R G i AR A PR, IR m =2 .

-——-MMSE
104k m=2, T=2

m=2, T=3
—&— m=1, T=2
—e— m:’]’ T=3

10°® : : ' '
0 5 10 15
fr Mk tt/dB
Kl 3-3 m=1 5 m=2 BREF R LR
3.3.2 skt a i
it Richardson AT FIEARHHHE S A, 1% BRSSP TR0 A 4 28 5%
I, Kk, HLEHKSE TN AER, RIS IZEE,
FEF 3-1: A X = Ex o R0 1 B X G RR U S 78 B S A 2
p(E) <10,
I B 3-1 vl A, ARSI R RN AT B PR R AR LA OCER T, a5
(3.21) #EFHHEAEFIERE, MEAREEE TS
(1) —,Ll(t)p(t))
=x" + 4" (b— Ax") + o((b— Ax")— 1 Ar")
=x"+ 1 (b- Ax") + (b - Ax") — 1" A(b— Ax"))
=I-u"A - oA +ou” A)x" + 1"b + wb — ou™ Ab
X, Richardson 5i%5 Fol T F#ILEE 4 MRS AEHIEFEE =T 4V A)1-0A),

2R, AT HARE, KT p(E, )

xD = x® +ﬂ(t)r(t) +a)(r

(3.30)
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p(E,, )=p (-1 A)I-0A)). (3.31)

K4 MMSE  HUIEBCEFE A J2 JEKRFIEERERE,  H AT ASERT H T - 4 A B E0

F 1, AT LA i p((L- " A)) <1, T BLR LIS p((1- 0A)) L3N
Richardson 57 {3542, %I T Richardson 557% (¥ 1442 @ i 4R AE (SR 75«

N /4K
E )= AE )| = = 3.32
p( ) max‘ ( R)‘ N+K\' N (3.32)
— R KHEE MIMO Z 580 N >> K, B8R (3.32) ALK I Richardson &

ERIRE R/ NT 1. R ATUR B
P(E,, )=p(A-u"A)A-0A))
p(ER ) = p((I-0A)) . (3.33)
p(E,,)<r(E,)
IEARHE IRl P ARARR T BRNCSOR L, AR B/ U B SR S St e, R mp
PUR BLfs# T F#2: 5 Richardson %4546 1 L Richardson Sk SI0H FE B HR o
5 M [ B, S 43 U B A A A TR T AR SR R IS Sl s e, AT DL PR A B S A
X, FIx, 23 % 7 (5% 22 ) B A, = b — Ax, Flr, =b— Ax, ; B IE 5 HIAR XD % i fr 5% 24 )
= LR Nr =b— Ax" o A RITRZE B — A AR, R 5 s B R I &
AR, RN AR AN A 22 ) B L R E N2 R, 2 e AT DA 3
(r,—r,)"'r=(r -r)"(r, +q(r -r))

=(n—r, )" (r, +Q,y,)

= (rl -L )H (1‘2 _QzQ;rz) > (3.34)
= ((r1 —I )H _(r1 _rz)H QzQ;)rz
=0
LRI, 1 RIER T r, M, B (0TI, st i B
<6
. <l s
Irl, <1

2ia UL by M ] DAAS B A 25 45 2 3 A0 2503 Richardson 5HvE B A 3 U7 B WS BE
3.3.3 WIUR{EIEEL

IEREVRBISSIEA Z VTGS, (B ] AR AR AR 308 45 2 o a6 AR B V2 1) WAL S5 N AG:
RS FE P2 — 2 fem . HWIERE N E R EN, FHIRSISRE . — kUL, ST RAE
Ax=b &M FEAH, WIMHMEER FEEG R, —FEHER LR Y aEE, B
x?=D"b, DA A xRS 5 —FILG{E A Richardson FVAMAIME, BIx® = w, b -
BE G Ll KRB P B, (SiE S MBI 51090, IS [ B AR o B A R
AR KNIRE, WL AT EENESS AIEED, FilD~A =N, N T B H
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Pl AE , 0 b PR R gk AR B R R i Sl FE L FE AT LL SR AR BE R R OR A
E =1-D'A :1_%, IR (3.4, 73 BIHERT LU 3% AR R (-
A (E)—>1-(1+JK/N)
A (E)—>1-(1-JK/N)*
DAL HE T Bl g e B ) 1 42 T LA IR R
p(E, ):max|/1(EJ)|=(1+JW)2—1=2JW+K/N. (3.37)
i3 (3.32), 5% Richardson &4 FE [

( ) maXV(E )‘ N+K\/R N+K\/E (3-39)

IR (3.37) I (3.38), AJLAEF|

sl sl sl i) o
R N+K N+K J

ﬂUE%ﬁR) p(E, ), ARSI AR S SO SIOR AL 2 SRR, T

DL 1250k )N, SyE N SGE 2R . Rt rT PAFS Y Richardson &SI A IS SIGH B
BEP, [F]HE Richardson By FI4IE BEHE AT b By AIME U SIH B B8, A SC BRI siow) 18
EEUCH

(3.36)

oL p

N+K
I A AR LR RS B E, SRIEFE m (E8 2, WX 20 Richardson

IEACHRE 24 S SR AR I 800 3-2 Ao, 2B AR T Ik G E 1L,

Bk 320 m =2 I Richardson iSRS S A6 5%k
N HIPHEK

e KK N

{EEHEH

N2 4]

ERE S mEy

{E Mk LY —2:18dB

ISR T
HIEEA:

A=H"H+0"L,,

(3.40)

b:HHy;
1

w= H

N+K

X =wb;
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r'” =b-Ax";
ERIRE (ER T
For ¢t=1:T
N2, O
A=t r® E A R,
Hes>1Bf: vV =arn +ar;
p‘ = Ar¢ Y,
-1)\H -1
ﬂ(t—l) _ (r(t )) rém .
(Ar“‘” )H LD
X = x0T ¢ DR 4 p(plD Dy
x, =x""; x, =x";
r=r"" ; r,=b-Ax,;
H
(r,-n)'r
2= H poay=l-ay;
(I’l _rz) (r—r)
x = ax, +a,x, ;
End for

s . Mok Richardson g (& x
34 THEEREST
AN R E AR, 58884343 B Richardson BT EE M, B 0 &
MG Richardson HyATFRE A E .. £ KB MIMO 5 R4, HEEIRE
e R E SRR . — . TEE &R EIEVIIGIIE A BN 7, [
N 7] PLRE A1 Ee A S SRk e e, AR S B R A R W) Ga(E, Hat Rk
XA XY =wb . T R R R SRR T S S SEORIE S, B — R S B
BN 1, —ANERE A ANEEBRERTT UEE 2 IRsEHRE, WMANEHH R LLEE 4
RSEHTRT: . TR R E RSB EEEEH A,
3.4.1 Richardson BEE 24 E
Richardson %y 18 4% B 3 E l ) 4a A FTEARER 4 4 Al
Richardson FVEAT R0 HIE 4% FE U0 F ATz :
(1) H'HE 2K x2N BERAEFER 2 N x 2K ZERIAEFEARTR, 758 445 /& SNK?
(2) HYyE2K x2N JERFERER 2N x 1 4ER A, FREME LR 4NK ;

NiKﬂ%%mﬁﬁiﬁﬁﬁﬁ%,%EME%E%h

(4) ob REHE 2K <1 FER I EAHR, TEREIREN2K
Richardson IEEE 2 IR E A X =x"" +0(b - Ax"™") .
AR B2 2% BE NN Frss -

(3)
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