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In response to Hilbert’s 16th problem, V.I. Arnold proposed a weakened form
in 1977, that is, to determine the minimum upper bound on the number of iso-
lated zeros of Abelian integral. Many scholars have conducted extensive research
on this topic and have achieved certain progress, however, there are still many
unresolved issues regrading the breakthrough of upper bounds on the number
of isolated zeros of Abelian integrals. This paper takes the weakened Hilbert’s
16 problem as the core, based on qualitative theory and comprises four sections,
which are outlined as follows:

The first part expounds on the background of this research, including the
research trends both domestically and internationally, and clarifies the main re-
search content and innovations of this paper.

The second section introduces the methods for addressing the issue of Abelian
integral zeros, namely the Picard-Fuchs equation and the Riccati equation, and
describes the application of these techniques.

The third part discusses the standard form of two specific cases of quadrat-
ically reversible system, and reveals the algebraic structure of Abelian integrals
by introducing an integral function to seek the optimal generator.

In the final part, the Picard-Fuchs equation and the Riccati equation are
sought, and through the iterative elimination process, upper bounds on the num-

ber of isolated zeros of the two classes of quadratic reversible systems after being
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perturbed by the n subpolynomial are analyzed, so that the upper bound of the
numbers of isolated zeros of their Abelian integrals is linearly dependent on n,
and the results are respectively:

(1) When n > 6, the upper bound is 20[n/3] 4+ 2[(n—1)/3] +8[(n —2)/3] +2;
When n = 5, the upper bound is 48; When n = 3 or 4, the upper bound is 40;
When n =1 or 2, the upper bound is 36; When n = 0, the upper bound is 0.

(2) When n > 5, the upper bound is 7[(n — 3)/2] +5; When n = 4, the upper
bound is 8 When n = 3, the upper bound is 5; When n = 2, the upper bound is

4; When n = 0 or 1, the upper bound is 0.

Keywords: quadratic reversible system; Abelian integral; number of isolated

zeros; Picard-Fuchs equation; Riccati equation
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23 17, Frb S 16 ()81 5 230 43 /2 0 KA 5 FE P T R G IR AR AE 5 )
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K Pz, y) M Qulx,y) LI AL

L
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I B 1 5 P B PR A 5 8 ) R R JCAE AP T b ) BT B ) . 4 R G 2 T
B E 58 I IERE L o B, XSSP RGWERR 0 UCPIS RS0 HAEREN
&, M= 1 I, ZFEMS RGCNEME RS, (NG TS RERER, X T2
Y RGE I FE A EAG SRS AN . TR, BF 70 8 2 B SE n > 2 B RSFTH
o RGN BREA (1 25 DA S AE AR~ T ) AR B 116,

FRAARESE 16 MR I EASCH 100 Z4E, REIR L 2 HE X — [ i
TREW LR, BEAS VA V2 B L R, FU0O0B SO & R MR
HRFSE 16 BRI T, 2K Dulac 15 1923 SE£RISCHR [7] A H TEANSE
[ Z 30 AR BRIAAN T 2 A BRIDUE . 28T, 208 60 FRISE AT, A1k
L Dulac [FIFE B A7 15 ™ B 1 BRE, 45 10 AN ReAE N M™% FIEU#IE . Ecalle B 5
TEW S [8] A Ilyashenko TEWSC [9] X Dulac WHIEBHREAT T AN RAE R, XF
TIXEEVEA ) TAENZS, 7] LAE— DA SR [10-11]. Petrovskii M Landis 1
1955 AERISCHR [12] $2 T FERRE 551 N RGN Hopf 73 R YE¥ H(2) 5T 3
HI4518. SR, Petrovskii M1 Landis UEW BIX AN 518 FEA IR, RAAESTE 1979
FRISCHR [13] R TEZIRR G T — A2 D WA RER IR . 84, BR2=20
AFEBTBAEAESCHR [14] thiRd T H(2) > 4 BRG], #E—BHESL T Petrovskii
Landis 145024 R . X T FaR PR IS iR 1 4518 DL S SR 2 1E TAE#R A3k
PR AE TR AR YA RAAFEEE 16 M TR, X+ H(n) MA R RS, Ha
IR ARSI FEENTE H(n) B A, % H(n) A — PR R S 7L AT
ZE R [15-17).
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M IRAL T AN Bk, e L3P B n— 1 IR Hamilton REHE
ZH m o+ 1 RPEBN G T A AR R ER AN H ) #0sl 7E SCk [19) R — 2D e
THXRD H(x,y) BB EDN=R, 20050 ¢ M p BSARIKE N —IK, EJ?
fiti n — 1 IX Hamilton REAEZETER m IREMAIBN G, 724 Abel FR53%F
MBI ) R T G ] A Ak PR HL AR ) L) $2 7'9&1[]?7!:)\%@@#*11%%%%1%%
5516 In] AR OB A A ATV, BNk, A AR AR 16 In] R 5540 Ak
2.
BTN Hamilton R5t, FA15EWT:

x OH (z,
{‘é—t P+ pa(w,y, ),

. dH( : (1.2)
ar = =t pup(x,y, ),

Heb p NNSEL & op=08, RE (1.2) FERRSN H(z,y) = h. ST &R
Gt (1.2), 7€ p = 0 AT, AHEAESEITEN © = o(t,h), y = ¢(t,h) K
For, b T =T(h) B2 X PRI RE. 2 h <h < hy I, H(z,y) =
h Fe— IR AT
BE 1.1 % u=08, &K r=0p1),y=0t) RAKM Hamilton F %49 H %%
& T 95K 42, T =T(hy) & Tho &9BIARE. % 0 < |pu| <18, I(hy) Fo

I'(hg) &
I(ho) Z/O O [ (¢0, @0, 0) — q(0, Po, )925] dt =0, (1.3)

() = [ 1t 00,0) = o 0.0) £, (1.4
BAEE >0, 6§>0, BFFTEEH 142 Rz
KM 1V, ul<d, % (14) £t T QR EAERRE L, , 1247
L pu—0,%H L, —Th .
K2 % pl'(hy) <0 B, 13269 RAATGMIEIR. L ul'(ho) > 0 B, 17
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LA T _EFTE B AT RS, B (1.3) 200 (1.4) b ¢
AT A, B4 (1.3) 3R (1.4) TR PP E .

1) = $ [p(¢.6.0) - a(¢.6,0) dz =0, (1.5)
Th
I0) = § [h(06.0) = d(0.0,0] do 20, (1.6
2 _E A P ELZR BT R R S IX 3k A T (D), R EERS AR A S, T S 4515
= || [Pi(w,y) + g ()] dudy. (17)
ri(D)

ST (17) 2, BATE, 2 h € (e, hy) B, BB REL T(h) B 55
A, FATAT LRSI SRS Hamilton 55 (1.2) TERU RS L

112 ZRARZGHTE
XTRG (1.1) K, 5 n=2 WKRG (1.1) WZXZHXRSR, E X
WA R R GE N AT USRS B R i =k 2 R R 48 P2 Tliew #E3CHR (23] 32
7B D —APOLH IRRANEEOL R, b o, b, ¢ JBTSE8EE, h:
1) 2= —iz — 22 + 2|2 + (b +ic)z%, Hamilton B (Q);
2) 2 = —iz+ a2? + 2|z + bz%, WA (QF);
3) 2= —iz+42 + 2]z + (b+ic) 22, |b+ic| = 2, RYE 4 (Qu);
4) 2= —iz+ 22+ (b+ic)z?, | Lotka — Volterrra B (QLV);
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—iz + 2|2, Hamilton =3,

MR ARG Xy NIEA M Hamilton RGN, Xg 2 Xy € QF\
{QFUQUQL ). BZXRG Xy NIBIEK Hamilton RGN, Xy W2
Xy e n{Qfu,uei}.
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1.1.3  ZRWEIERG N Abel 2

FER[IAY (QF) v, & 2 =p+ ki, HH p k€ R, MW LAEAN:

{p(a+b+2)p2(a+62)k2+k, (18

k= —p[l —2(a —b)k].

LY =p, X =1—-2(a— bk, dr = —2(a — b)dt, MFATAT LAFE HFFEL (1.8)

R
X = —XY,
{ . (1.9)

— a+b4+2v2 a+b—2 2 b—1 a—3b+2
Y = _2(a—b)Y + 8(a—b)3X B 2(a—b)3X " 8(a—b)3"

FESCHER [24] 45 T REG (1.9) WE X, BT

1 1 a+b—2 b—1 a—3b+2
H(X.Y)=X"|=-Y? X242 X
(X.Y) [2 +8<a—b>2( " * )}

a—3b—2 b+1 a+b+2
(1.10)
Hh=—(a+b+2)/(a—0), EREFERMSHIRFHFH NX,Y) = XL

BPATIF RS (1.9) 22 n X )E, BER RGN T:

(1.11)

X = —XY +uf(X,Y),
{ V= Y AT~ gl X — R a0 Y),
Ht f(X,Y) =Y gciijon @i XY R g(X,Y) =300 b XY JRRT X AN
Y i n Br 20T H o NS H (0<p< ).

AT = {(X,Y) | H(X,Y) =h,h € Q} NREG (1.11) HANLIE, Q 2
ELZ IR (D)} MECRIXIE], ST RAE RS (1.9) LR G B BR A 7] R,

SERR _EARREIL Ty MEEOCT b 85 4
d(h, 1) = ply(h) + 2 Iy(h) + - -+ pF Ie(h) + o(u"), (1.12)
(PRS2 55 R, X B T(h) $R092 Abel 14, H.

I1(h) _/{ N(X,Y)g(X,Y)dX — N(X,Y)f(X,Y)dY. (1.13)
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